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BEAM DEFLECTION FORMULAE

BEAM TYPE ‘ SLOPE AT FREE END | DEFLECTION AT ANY SECTION IN TERMS OF x MAXIMUM DEFLECTION
1. Cantilever Beam — Concentrated load P at the free end
v Py x PP Py’ 25
9 S O=—— y=—-o(31—x) B ==
v y Omax 2E1 6ET 3EI
[ 't
2. Cantilever Beam — Concentrated load P at any point
P b Py
“ X 5 = i (3a—x) for O<x<a 5
Pa” GET - Pa*
"\\ 3 T2Er Pa? O =7 3=
max 2 a” :
¥ y= 3x—a) for a<x<l
M S : 6EI( )
3. Cantilever Beam — Uniformly distributed load @ (N/m)
[1EFhnpnnncitl . 5 2 ‘
1ry o :o)[ - 0y (\’:+611—4f\') :i
. 1} O 6EI T 24EIY ‘ " 8E]
/ T
4. Cantilever Beam — Uniformly varying load: Maximum intensity o, (N/m)
Lz = (:,v) (I-x)
LY Hiveryg by o, o, 2 ) ol
! 5 == y=——(10F ~10Px +3lx* —x*) B = 2
¥ o 24FT1 120/ET 30ET
! T
5. Cantilever Beam — Couple moment M at the free end
/
* 2 2
T : M LM M
y\\\‘) B EI T 2Er == 2E]
Mt
BEAM DEFLECTION FORMULAS
BEAM TYPE SLOPE AT ENDS DEFLECTION AT ANY SECTION IN TERMS OF x MAXIMUM AND CENTER
DEFLECTION
6. Beam Simply Supported at Ends — Concentrated load P at the center
0,4 Pl 40, X " 2 .
: - 3 PF v 1] / - B
W,bum B,=0,=—— y= | = —+2| for 0<x<— o =
I 3 i T 16ET 12E1\ 24 ) 2 ARE
7. Beam Simply Supported at Ends — Concentrated load P at any point
Pbx (1 3 4oy o s s 32
a4 — e A.1 7Pb(f’—b’_) 1__6.’5[” —-x =b’)for O<x<a . Pb“'*b':l ] T
0, 0 14 x L By =——=—— at x=f(P~1*) /3
S~~—¥ B3 W L N
l i il i Pab(2] -b) .‘:@[?(‘*"] (1= Jx—x P
J li 2T GIE 4 5= (377 —4b*) at the center. if a > b
for a<x<| 48ET1
8. Beam Simply Supported at Ends — Uniformly distributed load o (N/m)
T2 1T = 3 A
A ERITIREEEE _p __oF po 2 (P -2k +4%) Sol
l ‘. ; T Y 24EI ) * 384E]
9. Beam Simply Supported at Ends — Couple moment M at the right end
. M’ I
M Mi ax = at x =
0.y 0, AN X R M % 93 El N
# Mi | MP?
l.\' J ~ O= / = at the center
L 16ET
10. Beam Simply Supported at Ends — Uniformly varving load: Maximum intensity o, (N/m)
To . il ]
= 0B - e = 0.00652 —=— at x=0.519/
o =g 7107 +3¢%) FE"
6, = @, 2 5=0.00651 D at the center
©_45E1 EI
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SCHEMA Al
__(71)@ ('1\5- Supported-supported beam with uniform load q
A e T o
o _ q
7 @A—¢B—24_E_j
Sl
™= 384 E-J
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g
VA = VB = %‘
SCHEMA A2

Da %

,"f_ - lP:kg - _'.\J‘
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<z T u.
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Supported-supported beam with centered load

o —p _ PL
A6 E
_8 PL
< au B
v =FL
4
P
VA:VBZE




(-ES)

grlle;neering Spreadsheets BEAM AND FRAME SCHEMES
O Pg SCHEMA A3
o Wi . .
;E:‘__ e s ‘;h\ Supported-supported beam with moment in B
= Tt g o = ML o = ML
A L B A 6-E-J B 3E-J
, mmmmmlﬂwwﬂlﬂﬂﬂﬂwwmw IM _1Mmr » s
. ~ 1= fiuxy =1,2064-1,,,
e 16 EJ .

e T N
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M,=0  My=M
_M
L
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]
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SCHEMA B1
One end fixed beam with uniform load

_&r
Pp 6EJ

o2
M5

VAzq:E

SCHEMA B2

One end fixed beam with load in B
o= P
B 2EJ
_1PL
3. Bof

Iy

M,=PL

SCHEMA B3

One end fixed beam with moment in B

p ML
B EJ
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)(2.5. SCHEMA C1
'/JH‘HHHHHHH H||°If,w§ﬁ1‘m“]mu mmmm\ Fixed-supported beam with uniform load q
=
ez o —
1 7%'?: = wzqf
E P 48E]

M. :é,j 2 & i i
// - =ﬁ?§Lj £ =104E,
77 . =
%1 3

A
M, = i M,,, gl
8 ) 14,22
— 5
V.7 V1=§-qL Ve==—¢L
1
® SCHEMA C2
B
%/% lP=kg Fixed-supported beam with
Zj — concentrated load in the center
% ful T oo
A L B P-I
= W73 N - Py = 32E)
35 Pl
L =—" f..=1022-1, ,
T 384 E-J B
3 25
M,==PL M,,==2PL
16 - 16
11 5

Vy=rP  Vg=P
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SCHEMA C3
'|?fEl Fixed-supported beam with moment M in B
=== =L _ML
£ M=kgm s = 4-E-J
B
L
L I M,= g M,=M
2 2 Mg &
: 3M
VA = _VB = L3

L el

SCHEMA D1

Fixed-fixed beam with uniform load

£ b gL
X 984 P}
_LZ _Ll
My =M, =2> My, =4
L
V,=V, =qT

SCHEMA D2

Fixed-fixed beam with concentrated
load in the center

(-2 PP
Ver 384 E-J
M,=M, =% M,, :%
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q LI E\d = E-]_,.] = AE A C i BB 69’ = (;EL_ =
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q\ “
o Py ?] q !
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! RAzL; F: RB_”;”
'R,\ Rg ;
B —- T, = —L;-F Ty = F
l b
a| =0
=4 m max — -F-b
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q-1 ( 3/ aj
R, = 3 —-=—=
A 2 a 41
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RI“ RC /q_ RE RA:RB:%{I! RC::EI_(JI!
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0 ! 1 Ty =Ry Ty =-Ry
; ( _ 9
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R, =0,383.g-1: Rp=12-q-1
q
R~ Rs Rl Ro R.=0.450-q-1: R, =0,033-¢-1
AlHHHIHHIHHH 'D C 0 p = HE0I
z ol B o 1 . )
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E I |
3 IN{ =———.q-12: M, = q- 12
0,401 0,14171 3 €7 30,3 27 18,3
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Tabella 6. Travi ad asse rettilineo, dati per varie situazioni di carico e vincolo

5 £ 2§ |p | JHIMNIIIITP | p (s
o . ¥ 8 | b
. 3
+ EL— L+ **§L+—§L+ |
il L rEfL— | g p
T 1 o S
e el B
Yo=0: My=—m ¥Yy=P. M,=—PL Y,=PL. M,=— P12 1‘_l=%Pf, M_,l:—% P12
T =cost =0 T = cost = P T=pLC T = %p!. c*
M=cost=-=m M=-PL( M=-—pl2? M:--é-pl_ g3
_mL o . X PR (1+8) 1 pL? (1-t% 1 pL’ (1-t4)
®=Fr S @=75 Fr sUrs =% E : P =5 E E
mL 1 PI? 1 pL3 1 pl?
P = g 9 =5 7 =5 E P8 = 2x TE
1 ml? ., 1 PLY . , 1 L 1 pl®
Lo ez e E2(3-F e -7 (4- = B a-g(5-r°
¥ ¥ g & v & E° (3-8 V=55 LJ’ [3-C (4-CY)] ¥ 0 El [4=-C (5-LH]
_ 1 mL? -1 PL3 G s 1 pL* s 1 pLt
Yo =3 TEI b B ) B=§ TEl Y = 35 TET
v _..LaL_...._ ‘BL- -
A er B
. C %
d 4
| -
] - — -
_..._§L«-L.— SL s L - gL SL
L Tl
— tronco AC: — tronco CB:
Vo= 4+ pLi M, =L p12 Vy=-Yy=2 -PB Y,=Pa
T = L;ILEI"—"] 7 s B T = cost = PB T=cost=-Pua
e L M=PLBE M=PLul
Myy = M = PLa B
1 y poy M=-mC( 1 PIZ 1 PL2 9 .
M:—?N,—EB—C}I,- tp:FI—B{I—B -3EY) ®=-= o (l-a?-3 (%)
1 pl? 1 mL ; I 1 PL2 ;
=5 ;f: [3-03 (4-0) 0= (1-30) v =+ g BU-P) 0= -5 g @ (1-ad)
1 pl? 1 mL 1 PL2
% = 5 gy *=-3E Ve =ory gy W RB-0)
1 p,r_ . 1 mL R 5 iga, o _ 1 P . 1
=i =15 £+8 (5001 | op 6 Il vy T?]I!.,:I—B -£9 l"—??uﬁil—u—i‘;]
. _ 11 pr 1 mL? ” 1 PLY L,
Ye =20 TEI 6 & o(1-¢% ve=73 g B
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s, , IIIUIIDP
D

= EL—LL
L =

, 1 .o 1 1 .3 om 3 . s
?‘i=Fn=?ﬂL },—?pL. Y{;—_TPL 1’,1=”'n=7f Fﬂ—? pL iﬂ_?pi“
T-Lprg-ne r=Lpra-3gy M L Ml ot
= > pL(1-28) = £ PL(1-3 =5 m p=—5PL
e M= przee 4k T g 3 3 :
T; = —FAU 5 € <) =S T:pf_-[?—g)
= L. 2 g 3 3 4 1 3 ! 2 e
Eet M=M= = pl? B «i M= My = o pr2 [ M=-gm(2-38) M= 5 PL2E(3-40)
_ 1 pL? 2 E2 (7 E_ D 1 mL . 3¢ 1 L, E_gE2
SRS - L Y S agreap Do e Gl | MR SEes B VS gp SUSs=NER
N 1 pL? 1 pD __ L omL 1 pn3
@4 P2 = 31 TE; 94~ 360 EI P4 4 El T ®E
1 opLt L. e _ 8 pl? 1 o mLr ., e A BEY e o E
V=g g 55(1458) 92 =" 3gq EI S ey V= gz 55 (1429
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Pty ey e e RS fie ¢ E g By | Bme s =
§=7¢ V= Ve = 331 E V=35 Er S-S OERIFEARY (S=gh ¥ aVeu S gy ey
- B e T .
5. CEL*—l‘ AL B ] ] p |14 P s
A P BN A § A §
C % B % B
‘4 /4 "’
gL =gl ~El- L~ s T
L =L
—tronco AC: — tronco CB: L L
¥, = Lpp Yp = L Po(3-c ¥ L. i el i Pl pie Pleesd p
a4 =g PR 2o g =5 Po3-a) a=Tg Pl Ya=5p 1= g Pl Ye= e
M L pra(l-a?) ; M I i
Mp=-—PL —a” . Mp -
2 M, EPL_ 120
T =cost =Y, T = cost = =¥,
I s 1 . ! . 1
M= PLEB(Q2+0) M= PLo(3C+a2E-1) T=—5pL(1-58) T =5 pL(202-9)
M= PLoB?(2+a)2
_! PL? 2 o) 21- _l PL? Fra2(2_t 352 _L 2 3_5 k2 - ! 2E E2 4 90F
m—?ﬁﬁ [e—(2+a) E7; 9= alla?(2-0+3L-2] (M= T pLEE(3-5ED M = 130 pL? E (2087 +208-T)
1 PIZ o,
By S g B
A - S i 1 pl? " " 1 pL3 2
oc = o g @ B (1-20-o) cp:mi_‘, L (148) (1-5EY) tp*zﬁm%gfl‘?l:-%—
0 P
1 PL3 5 1 PR3 ; 1 pLs 1 pL?
—— EB? [3a—(2 g2 s o 2[3(1 - = et
V=3 g SF Ba-(2+o) & ¥R moEr O BU-RIY WSy ®1 = 50 “EI
- (3-a))l]
1 P 1oplt L, . 1 plt ., . s
Vo= 3 g @B G ra) Ve o —PE! EL2(1+Ep = 5 PE! EL2 (7-2 L-2L2)
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15. ~alL L+
B

\A C 4

o Bt Pt
T sb el

—tronco AC:
Y,=PB(1+20a)
M, =-PLxp?

T =cost=Y,

M=PLBIE(1+2a)-al

— tronco CB:

Yp=PaZ(1+28)

My=-PLalB

T =cost ==Y

M=PLa?2[C(1+2p)-B]

Mg =2 PL a2 p?

| PL? .. 1 PI2
0= 5 - BERa-E(1+20)]  @=-5 S a2 [2B-C(1+2P)]
I iPLE
¢,=T7u3{32:!—2a:
yw L PL gapy . N O . - s
v= 5 g P Be-E(+2m]  v= S R B3R-C(1420)
1 »pLe

e LLLHHTHTITITP
Gl
B 7272

NA

I s
My =M= = pL*

o1 .
T==pL(1-28)

! 2 E
M=-—5pL2(1-6E0)

| -
= — ' =3
=7 e =28
pL* .
=2 E 5%

= mﬂﬂlﬂlﬂﬂm P
Sebiist

N A B
— L.4.._ L ———
—— § LC-— -
3 7

Y= >0 pL; Yy = 0 pl.

1

2 1 2
M, =- E pL;, My = >0 pL?

.
T =55 pL(3-108)

1 3 .
M = - pLI(2-9E+10E%)

1 pL? g2
= L= -S5E&E-5¢E2
=g g G 4-58-58)
U pL s
VE o e AR @)

10. SIMPLE BEAM — TWO EQUAL CONCENTRATED LOADS UNSYMMETRICALLY PLACED

- ! — Ro=V, (= Vinae WNEN 8 < B) crvvomvoeveveercecccsosirieninns = ?(rf a+b)
I r
| , A=V, {= Vo When @ D) c.cenrneesnessssrsnsens =Z(1-b+a)
R \R,
| (=~ a - b == L
\;—1 Vi  (When 8< X< (/=B)) s ="(b-a)
| | ]
! i 1
| | Shear | | ._\fg M, (= Muu When 8> B) ....covumssmusmmunsiasssssasss = i@
I |
'|
LTI M, (= MuuwWhen @< b = FAsb
) | |
M, ﬁ ‘\\”," Me  (WHBN X< @) cuvveniscssmsissnssmssssssssssssosssssissneses = Ay x
] L’(l | T
Moment M,  (WDONE < X< [ 1=B)) icionrimisiiisnivimisnsin .= Ryx—P(x-a)
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11. SIMPLE BEAM — TWO UNEQUAL CONCENTRATED LOADS UNSYMMETRICALLY PLACED

D

S

. —

L

|=—

" - M .

(when @< x<(/=D)).ccccvmiisiciicirnnes

(= Mpxwhen R, < P).....cieciinnne

(=Mpaxwhen R, < P)....iiiiinicnranas

CIREI X B) i imistioiaiistssirginion

(wWhen 8< X< (D))

21. CANTILEVERED BEAM — CONCENTRATED LOAD AT ANY POINT

—t] X f—

|

Tolal Equiv. Uniform Load .......cccccnieecirnnns

Mo
M.
A e
A,

A,

A,

(ol Fi00t) @) oo siie i ivisvrnsisssammiasiabssviinonss
T T |
BB BN i it

(@0 POINLOF 108G) .v.vovooeveveems oot senrsssasis

| i | e S G e VST T

(when x> 8)...cccnisisarinrias

=R A
= Fya

. =Ryb

B

8FL

al A

=p

o = PD

. =P{x-a)

_A(f-a)+p0
mEU

- Pa+h (/-0)
ELLE f

wee = Ayx = P{X-a)

= PO s gy

6E/

pb'?
o T- Al

L P{f—x}e

BEl

3x-b)

{-3-5'—!!!)
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24. BEAM OVERHANGING ONE SUPPORT — UNIFORMLY DISTRIBUTED LOAD

e

_.1_<p.-._

!

= o ]
T
[

ias Th dVa

3 z.ﬁ 2
R=V. 2’(1

= =¥,
R.=V+V, =0 ay
Vo ommwistiithi s isssaissiisissss = wa

- W2
V,I ........................................... _— Z(’ +32)
V. (between suppors) ... = Ry —wx
Ve, (foroverhang) ... = wia-x)
[ id [ A a.i ] =-_W " I

M, alx= 2[ 2 ] e (t+af (1-a)f
M, (@R osersrsesr =_W;i

M. (between supports) .......... = ‘;—’;(f"‘ —a - xl)

M, (for overhang) ............ = %(a-x f

Ar (between Suppors) ... = ETE:}(# -2P 2 413 28R 424 xz)
A, (forovemang) ........... = aé(d 1-P +82 5y -daxf + x7)

NOTE: For a negative value of \., deflection is upward,

25. BEAM OVERHANGING ONE SUPPORT — UNIFORMLY DISTRIBUTED LOAD ON OVERHANG

- ! i g
[ _'} f""‘!T‘ = |
! ‘R

|

| T %
v, [TITTTTITTTd I
i '
!‘

I w.

» - W
R.= VAV, corersiemssesesssmsinenns = 22(2) +3)

Ve, (foroverhang) .....cccon = wia-x;)
I (T— “'-%2-
M. (between suppors) ........ = "";':x
M., (foroverhang) ........... = %(&—x,)?
! wa’ 1 wa®
A batwa s at x= —]2 =0.0321
g EPORE B e El
Ame: (foroverhang at x, = &)..... = g,f—““*“)
_walxfa 2
A,  (between supports) .......... = 125}{@ -5)

Ay, (foroverhang) ... (4ar" 1+8a° Xy - 4ax, +x1)

24EI
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27. BEAM OVERHANGING ONE SUPPORT — UNIFORMLY DISTRIBUTED LOAD BETWEEN SUPPORTS

==

g

o

“~{L 71T

—f €T

I
T O
|
v [T |
[ THTTEELT V
”"Lﬂ_ﬂTﬂTm

Total Equiv, Uniform Load  .....ccccevvvvemermnennnene = W
R=V = wi
=wlL-
2 e e n{t
2
Mine (8 CENEE) ..o eeoromereerseecerennrnes = %
M, g 08 ﬂ(;- x)
_ 5wt
Agagn  (AbCORIBR) .o i S AE
B _x
Ay 24 E', 202 +x3 )
A _ w!aaq
i 24 EI
28. BEAM OVERHANGING ONE SUPPORT — CONCENTRATED LOAD AT ANY POINT BETWEEN SUPPORTS
Total Equiv. Uniform Load . = Ef'zi'_‘_'
I
R= V. (= Vings When 8< B) ....cooomcrerrnecss = f?l
B2 V. (5 Vit WHBN 83 B vuviisivmmmmrivcassss B ?
Munax (8t point of 108d) ....cevececercemisnsisisisiens. = !3:-’-’!
M, (WhEN X< 8) s creesnsnenr e = %
' a(a+2b) _ Pab(a+2b},ﬁa(a+2b}
Asmax ahr=1f 3 when a>b = ST Elf
‘ _ Pa’b?
i | Rl R s N A 7
As  {at point of load) S8t
A (WINBIY 0 e D EEH@ - = x?)
Pa{! x)
Ar  (WhBN X 8) i = (’u -a%)
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29. CONTINUOUS BEAM — TWO EQUAL SPANS — UNIFORM LOAD ON ONE SPAN

W

| wi

LT

R,
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._.15._

L 1
jf\[\ ‘
1

WMW

Total Equiv. Uniform Load ... =23

64
R Wi s = L
18
R VA i i = gwf
R=V,. A
18
V'J =
16
=--?n = «-.4.-9-. z
Maa (8l x 16[ Moz i 512 wil
M, (alsupport R)....ccumias = ‘—"éw.'z
My (When X</ esasesnsinnss =;‘%(7.‘-Bx)

4
Amar (810472 1FOM R).coovvvvmrcnrirrinns = %

30. CONTINUQUS BEAM — TWO EQUAL SPANS — CONCENTRATED LOAD AT CENTER OF ONE

SPAN
2 P 2
A R,
! I
v ‘
i TTITTITITIITIT
X | '
p ]
.t \
sl ]|
Moment  pp 4 N

Total Equiv. Uniform Load ... ='2p

8
R= Voo, N = 3p
22
I U et s s s s AR B I =1p
LS Sl 16
SN URU R =_3p
32
Vo miis as Saimaiiaaiaiia ="p
d a2
Mionge (@t poInt of 108) ..cocovovooove, = 13 py
64
M (BESUPPOM R )i = ;2 Pl
a
Aps (@1C.ABO [FOMR) coorvoverenrresoenns =0”'2‘P'

31. CONTINUOUS BEAM — TWO EQUAL SPANS — CONCENTRATED LOAD AT ANY POINT

a b=
P
A, A,
! i
v
[ INNEEEEEERNENI
|l ||
- 7\
Moment g1 ]
L

BRI il i e s %’-(41? -a(i+a))
S = i—‘;—-(z:‘? +b(1+32))

R,=V, =-Paby, a)
4P

Ve ssemmnie = 5%(&!2 +b(i+a))

Monae (8t pOINLOFI08E) «.co.o oo = @g@;? ~a(1+a))
47

M (@tSUPPOR R.) vocioorcarsiinicin =P, 5

42



(-ES)

Enég';neering Spreadsheets BEA M AND FRA ME SCHEMES

32. BEAM — UNIFORMLY DISTRIBUTED LOAD AND VARIABLE END MOMENTS

2 !
- {
= x —
. | wi s R =w_M-M,
‘\M' . sz":
R M>M, i My ~ M.
! % Vx & -W[L-X)"‘ 2 2
! /
V, |
| i
- - -M !? M.I +M? (M‘l _ME )?
! M (atx= L MM, B
Sheer Yz b wi ) 8 g 2wl
1
My = M.
7. % R R el P
| |M3
T T/iMoment \TM x:
i 2 M, +0Ms \ [ M -
IRl *_,,_.,l 1" btolocate inflection points) ............... = {L- i 3 B o B
M 4 w wi
1 |
| A‘ :ﬂ_ x:’ *ﬁ-4M2 ]f+12M1 x+13-8M1’-4M2f
24E| wi wi w w W

33. BEAM — CONCENTRATED LOAD AT CENTER AND VARIABLE END MOMENTS

!
S "j r B
"\M' i »
RY M>M, | 1R,
I I R=V,. =Es oot
i 2 2
V;‘ l R=V .. =E-M1—M2_
ffemeIIIIIT Y 2
M, (SROBNET).......oomrmirnsenmremmmasses B (o B ™
4 2
/((m\ £ .
| | ] M, (when x< ;} =[§+M‘-; ?~}x—M1
g Niw
M, (when x> é) =§(/_x)+w'+”2)f_u'

Ac  (when x< é )= 3%[312 4y -a(l_x)[u, (21— x)+ My (Hx)]J
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34, SIMPLE BEAM — LOAD INCREASING UNIFORMLY FROM CENTER

= I -
LoZo Total Equiv. Uniform Load ........... = 2:”
W -
R 1R 2
2
Ve (whenx< L) = W[ 1222]
p / 2 2 !

My (LCBIMEI) ...ccieenicrnnsarinsnnsnirs = =

Amae (BLCENEI) .iiviiinnsinionsanssinime = o —

i /‘ 320E1
A 95 2
M"T/ \ &: DD EEEY e -_—_ﬂ_[ SoX 2x 3l "]
i | | 2 12€1 I 52 B

Moment

35. SIMPLE BEAM — CONCENTRATED MOMENT AT END

- !
X
.48 ’ _8M
Total Equiv. Uniform Load ............ =27
o !
M R
Ry R=V =M
v
= X
* R R R SRy M{1 ]
m?
Amar (8t x=0423 ... =0.0642 =
| El
! A =Ml X o)
Moment x 8EI

36. SIMPLE BEAM — CONCENTRATED MOMENT AT ANY POINT

b Total Equiv. Uniform Load .......... = 2¥
RY X\ R py =M
R '
* M, (wWhen X< 8).....nnn =
. ‘ ‘ My (when x> 8)....ienn. SR{=X)
? Shear

Ay (WHEN X< @), = M [[ea? 3’ _ z;)xr !; ]

Ay (When x> a)...cci ="i[a(az+.2}$_[z“§;£],]
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37. CONTINUOUS BEAM — THREE EQUAL SPANS — ONE END SPAN UNLOADED

wi wi
| S | I I P - 9 8 1 0.0 P -3 49 3 0 & B &9 4 3 5 9-0 § 1}
Al ! sl r et , o)
Ry=0.383w! Ry= 1.20w! R-= 0.450w! Rp='-0.0‘330w!
0.583 wi
0.383 wi mrmo'mw’|1|111||A!1LJLL||O.ﬂ330wi
B E R P o417 w
Shear 1617 wi
+0.0735 wi’ - P
T [T, 207w T Ty, 20333 Wi
T ‘ o 0 e e e
03831 Mﬁ&ﬂ

A e (0.4301 from A) = 0.0059 wiYE!

38. CONTINUOUS BEAM — THREE EQUAL SPANS — END SPANS LOADED

wil

wi
Rl L L L L L L L L L L L L L1 | W O R RN L)

A t 7 ! 8} I cl 7 o}

R.= 0.450w! Rs= 0.550wl R.= 0.550w! R, = 0.450w!
0.450 wi Mw : 0.550 wi m_w
Shaar —‘\LI“LL 0.550 wil 0.450 wl

«0.101 wi' +0.101 wi*

‘“0’"’@"“ ¥
; ' ¥ p.osmm' B /{.ﬂ‘] ] .
‘ “Ly | 04501

04501

B e (04791 from A or D) = 0.0099 wiEI

39. CONTINUOUS BEAM — THREE EQUAL SPANS — ALL SPANS LOADED

wl wil wi!
| £ O N NN TN N NN MR NN IR OSND O SN N SR NN | ER NN N B N B EEN ONT NN R NN OO AN N BN BN G N PN DO N TY DY BN O DN SN N PN BN N T W |
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0.500 wi! 0.600 wi
0.400 Wi [ Toromm Mmﬂ
Shear D*LL 0.600 wi 0.500 wl 0.400 wi
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Moyt T 2100w A TTT[TTIT

0.4001

L4

A na: (0.446] from A or D) = 0.0069 wi/El

0.4001 |



mES

mec
Engineering Spreadsheets

BEAM AND FRAME SCHEMES

40. CONTINUOUS BEAM — FOUR EQUAL SPANS — THIRD SPAN UNLOADED

wi w! wi
. I S S
al ! s! ! ¢l ! o' i £
Ri=0.380wi Ry =1.22wl R.= 0.357w! R, = 0.508w/] R, = 0.442w!
i
0.603 wi 0.558 wl
0.380 wi [T hT['TTrrh_ i e S
Shaar 0.620 wl o er el
+0.0722 wi’ +0.0977 wi*
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Mormont 121w’ 00w porrgwi’ aossow’ 11117

i
(152 S ]
L ~ 0.360 1 - - D442 1~ .

A . (0475 | from E) = 0.0094 wiVE]

41. CONTINUOUS BEAM — FOUR EQUAL SPANS — LOAD FIRT AND THIRD SPANS

Al ! s} ! el ! ol e

A= 0.446w! R, = 0.572w! R: I.O.lﬂwf R.= 0.572wi R,= -'O.WWI
G.lemnwm1nrnj. r:rat‘?zrhl.’m“‘:iﬁﬁ.:liI!lI]I]iEII'T[I[I 00540 wi!
Shear 0.554 wl 0518 wi

B e (0477 | from A) = 0.0097 wi /€I

42, CONTINUOUS BEAM — FOUR EQUAL SPANS — ALL SPANS LOADED

wi wi
LLLLTTY LI L T L L P T Ll N B A rr
Al ! 8! ! c ! o} i E]
R, =0.393w! Ry = 0.1. 14wl R = 0.926wi! Ry= 1, 14wl R, = 0.393w/
e i|>Trhﬁ~nL il m
0.393 wi [ T g T T il
o F B E i 1 = 0,393 wi
Shoer 0.607 wi 0.464 wi 0.536 w
00772 wi® . = +0.0772 wi®

Moment 0.107 wi 00.0367! W' porigwy | *00364wl 0407w

| 0.536 | |

e 03931 ~ e 0.3031 = -

A, (0.440 | from A and E) = 0.0065 wisEl
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43. SIMPLE BEAM — ONE CONCENTRATED MOVING LOAD

['H ?}p B e Wl v N—— SR =P
3 oA Mmax (@t point of load, wh -') -
E max (a point o 8 en X = 5 ........................... = ‘E'
—.———— ! -
44. SIMPLE BEAM = TWO EQUAL CONCENTRATED MOVING LOADS
R max = Vi mael@ X =00 +eeeee e iseassaeesesesenssnnsnneses = P(2- ‘;')
. [when a < (2~ v2)! = 0.5861
i a=
i \;I}P ?}P n — B 1 P W R T - :; (f- g)a
’l 7 2 ‘.? undar a!xfﬁl—i
Mmax { - ‘
/ when a > (2 - v2)! = 0.586/ P
Lwhh el il caniscatasen tCaedty| A
45, SIMPLE BEAM — TWO UNEQUAL CONCENTRATED MOVING LOADS
i-a
Rimax = Vimax(Bt ¥ = 0) ovvivnnnannerneninensrsecnsrmosssnnnes =P+ R—
Fr>Ps - 2
1 Pa B x
—— F huﬂwrﬁ.a‘x-E —W)] ............... -‘&‘?6}{
N Py
Ry | Ry - [ Mmax may occur with larger
M
load atcenterof spanand other | .....oovviienanss = ij_f
f -

| Ioad off span {Case 43)

GENERAL RULES FOR SIMPLE BEAMS CARRYING MOVING CONCENTRATED LOADS

et} >
e 3]
P,( %_C.G.. &)
. LQ_T‘
e i— b |—
R |3
¢ Ll
Moment

The maximum shear due to moving concentrated loads occurs at one support

when one of the loads is at that support. With several moving loads, the location that
will produce maximum shear must be determined by trial.

The maximum bending moment produced by moving concentrated loads occurs

under one of the loads when that load is as far from one support as the center of
gravity of all the moving loads on the beam is from the other support.

In the accompanying diagram, the maximum bending moment occurs under load

P, when x = b. It should also be noted that this condition occurs when the center-
line of the span is midway betwean the center of gravity of loads and the nearest
concentrated load.
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Reactions in end fixed beams
Note: | = beam length, h = transversal section height, A = area, | = inertia moment, E = Joung modulus , a =
thermal dilatation coefficient. Positive values for the expression of the reactions corresponds to the sign

assumed in the figure for the reactions.
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"’A::ﬁ”‘h +3qg)
!
Vi =55Caa +7an)
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MA=2£’°‘T —P@-—.—E—.—.—Eﬁi— H = EAGAT
AT HA . HB :
My =2Ela—— +AT Hy = EAaAT
1




(-ES)

Engi BEAM AND FRAMEF SCHEMEFS

Engineering Spreadsheets

a) SUPPORTED FRAME
C l, M\ M
T , ' K - g I
H |I‘ll L T J(.r‘n
_L_ A — -— Kg=2(]+%K1)
7 YAT Xa Xg TYB :
- L - Legenda
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P
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2.
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3.
P
H K, H K,
=_p—|3___1 - il
% X, P n ( ”{1] Xp=+p 7y [I+3K1]
H?2
Va=-Ya=-r3p
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6.
C D
P 1+K, (1-1/3 B?)
1 A B X,=-P-By) X,=PPByx
’ ) yﬁ=_rd=P%|3
L M.=-PBH(1-y) M,=PBHY
Mo ? M, =-X,pH
7.
4, 9,
C—'H: PLD 1+ K, (1-P?
EH Xo=X,=2F0 7 JK{j‘B}
A B
" by T
M-=Mp=-Pd+X, H
M T M, =X,BH My=Pd-X, B H
1
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_F-b F-a
) l

_ _3.F-a-b
2 h-l-(2k+3)

o

|
~
I
T
|

Mo =M, = 3 Fab

2-1-(2k+3)
F-a-b 4k+3
Mo = =51 "%+3
l
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c D RAzRB-T"
F E <
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A i i o
H e Ji o hs
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q
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2 2h+ ]
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m - m My =M = g
0 4-(2’—;+3)
q - h?
O_gh___ RA = RB = %
- D -
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—— H, =L
= < A 8 2h+ 31
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o g'(nmmj
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_F-b 6-h-1+P+a-1-2a?
Ry = == _ :
6-h-1+1
R _F-a 6-h-1+3-a-1-2a?
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b) SUPPORTED FRAME WITH SLOPED ROOF

M
M
B MD =
K i 1
b= § "'m
= (34+K))+9p (3+0)
A E
Yn1 1YE Legenda
Pal 1 .
Xy=Xp= ;L X [6B+¢ (3-4 )]

Mo = - Pk +X, H(l+9)

.
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Xp = 5 == 1K, (3-BY)+3 2+ )]

g

Yp=-Y,=PBH/L

My=X, H-PBH Mc=XH(1+¢)-PBY

M_;, = X.'. H M, = 'x.a |3 H
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3.
LTI P

1)

=Xy = £ 7 (8+5¢)
L

=¥, =p=

E 2
=M, =X, H

~-=X, H{l+q)-p

8

X, = p 4= Ixjg [SK,+6 (1+9)] X, = X,-pH
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M, =X,BH M,=Pd-X,BH
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c) SUPPORTED FRAME WITH CURVED ROOF

H I
a5
K, =3502K,+3)+49 (5+2¢)
p<l

Legenda
1.
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Xy=Xp= P30 K, (5+49)
, L
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b2

5 1
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d) FIXED FRAME
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}. L Legenda
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3.
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AEa AL 142K
D i . |
C Xa =X H, | T &
+ a
At }’.i.=}’"=n
A B | -
7 Py Ny __3EaArl 1+K,
A B 7] MVETH
47 | :_l N . i 3Ea At 1, 1
., M — ”=+
Y \\: / H 2+K,
J o ' K
F . — I
= — Yo = H 5%,
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6.
_ 1+(2-B) (1+K)) 3K,
C D L= 3+ K, %2 = T¥6K,
P ) . :
~—* - {I—BJ’HL — 3{I+A1_a—{3'{l+.‘:ﬁ]l
A
- B P o N
" Xa=-P+o- P2y, Xp == B2y
, H o
AT Yy==-Yg=-P—PB*x,
; 7
PH .,
%a My =PHB-—— B (1 +%)
3 PH ., PH _,
é - Mp = - —— B* (X1 -%2) Mc = —— B (Xa-x2)
H >
M!J=PTB‘ (%3 +%2) My=-M,-X,BH
7.
Lt L
C D s pd 2B K, (1-P)+B(2-P)
. P Py Ri=ta =g 3+ kK,
BH Y,=Yz=P
A~ B —
1 A B
) K, (4B-3B2-1)+(6B-3p2-2)
My=My=-Pd I
, M.=M,=M,+X, H-Pd
M,  FERTITIE
\?q M, ?/ M, =M,+X,BH My=-M,-X,BH+Pd
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e) FIXED FRAME WITH SLOPED ROOF

k- H I
! s 1,

-
[}

(K, +9)P+4 K, (9’ +9+1)

Legenda

Xy .«l [2B K, +3¢ 2a+K,) -9 (1 +4a) +

-4 @ (2+K))-4 o? ¢?]

% =B (B-0)/(1+3K))

X,=X;=pu % .‘(1' 3K, (1+@)+4da? o (1 +K,) 3a (K,-9)]
Y,=PB+(M,-M,)/L Yp=Pa—(M,—M;)/L
Pol . Pal
My=-—7—01-%) Mg =-—— (+X2)
My=M,+X, H
; i -
Me=Mp+X, H(1+9)-Y; =

Mp=M.+X, H

a”“ = _JH'_\_XJ H {I +2lp u}+1:'l U,L
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(2]

5y = % (K, (4+K,—2B K,~6B+6 @)+ B2 K, (K, +2+¢) +
+20 K, (20-Bo-3B) +9?]
| 243K, (2-B)
X2 = 7336k,
x, PB I - Y 3 g -
=0 T‘lﬁﬁ.,{1+tp|+6cxﬂﬁf+4ﬁ~.\|{1+ﬁlj+
-3p K, (2+K))-3¢9 K, (1+a)]
M,-M;
X,=Xg~P Yp=-Y,=PB ‘;{_%
.'I
PBH PRH
M, = ﬁ: (%1 +%2) My = g X1 -%2)
L
Me=Mp+X  H(1+9)-Y, —
Mp=Mg+X; H My=-M,-X,BH

12 1
Xj = X_.._- =P m T |K| (4+50)+ 0]
¥, =P
L2 1

Mp=-P o= = K, (8+15¢)+¢ (6-0)]

MB = MD = JH‘.“"XJ H

]

L_
-P T"'-".-x"’-w.\ H(l+g)
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-
]

o
=)
Il

% [K, (6+K)+K, @ (15+169)+6 ¢?]

(12K, +6)/(1 +3K,)

H 1 5
PT & [Ki+K, (3+29)] Xy=Xg—-pH
H? M.-‘I._Mf'.'
R T A A
H? H?
P 5z O +Xx2) Mg =P 5z (i-%2)
H2

Mp+X; H(l+9)-Y;

|-.l|l"|

=
[}

M, =

Pd 1
X, =6 T K, (1+9+0)-a (o K, +o+¢)]
M, = - Pd K'_ (K, 20 K, +2+3¢)-a ¢ K, -
(6+3 a+49)-(3a? K] +60? K, +¢?)]
My,=M,-Pd+X, H

M,-Pd+X, H(l+0)

=M,+X,BH

-M,+Pd-X, B H
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f) SUPPORTED FRAME WITH TENSIONING HORIZONTAL BEAM

’ “.L
L |
o 0 3 EL, L 71! ‘i
Ky =< ' K:_[HTmml_Hf] pJim Ky =1
12 (16 = 15K,)+ 10 ¢ (1-K,) I
-¥ = X = — - Y = :"' = —_—
A T3 7] (4K, +12-9K)+ 129 (1 -Ky) +49* (1 -K;,) A =P
5 2 . (3 1 .
N=PoF hl_(T_H]Amd
My=Mp=X,H M-=-p = +X, H(l+9)+NH o
2.
LGP

El,

D
B [—
k=2 Ky= I+4 9 Ky=1-20¢K,
T 27 5(3+2K,)+49 (5+29) 3 e
El l 1 .
K, = —— —  — — lim K, =0
E*A @*H* K5 (3+2K,)-2K, K;+04K} E*A—w
, L2 KK, , i L y plL? |
x__!—ku—f?ﬁﬁ }__1_}.')_!JT N = BH‘D }+£4
12
Jll‘fR = 1”(* = X-" H ;‘W”

=p 3 -X, H(l+9)-NHqg
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g) CLOSED RECTANGULAR FRAME

M, sN Ncp
B lz C BT\AE /‘LMC
2 3 {
H 1l k=T 7
lA 5 N““* \ . !NAD
= L | Mhiij\lm Nc&MD
Legenda
1.
B C  K,=(3+2K)+K, (2+K))
r
K
gH o M= M- PHAB 20 [(1+0) 3+2K)-K, (1+)]
pl. -— )
a—T—HA D M, =M, = PH;IB %I{]+ﬁ}[3+2.‘(l}—ﬁ(]{l+a}]
. - . . My=PHafB-M,B-M,a
nninnnnn 7/
M,-M
\25_‘\ ;’ Nip=-P B—% Njg =Nep =10
ﬂMG é M,-M
- - Npe =-Po+—2 "
s O

113
inr

Al
i
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h) SHED TYPE FRAME

Legenda

8L

HnIge ¢y o PH AL+ K (L+4Ly)
/\ SA T BT RHL 1+ K
.Y| - 'X-H_PH
p
3/\ X, - pH 4Ly +K (L, +5Ly)

1+ K




